Abstract. Let X be a normal projective variety of dimension n ≥ 3 admitting the action of the group G := Z ⊕n−1 such that every non-trivial element of G is of positive entropy. We show: 'X is not rationally connected' ⇒ 'X is G-equivariant birational to the quotient of a complex torus' ⇐⇒ 'K X + D is pseudo-effective for some G-periodic effective fractional divisor D.' See Main Theorem 2.5. To apply, one uses the above and fact: 'the Kodaira dimension κ(X) ≥ 0' ⇒ 'X is not uniruled' ⇒ 'X is not rationally connected.' We may generalize the result to the case of solvable G as in Remark 2.7.
Introduction
We work over the field C of complex numbers.
For a normal projective variety X, we denote by NS(X) the Neron-Severi group, i.e., the free abelian group of Cartier divisors modulo algebraic equivalence. Let NS R (X) := NS(X) ⊗ Z R.
It is a vector space over R of finite dimension (called the Picard number of X). The pseudo-effective divisor cone PE(X) is the closure in NS R (X) of effective divisor classes on X. A divisor is pseudo-effective if its class belongs to PE(X).
A projective variety X is rationally connected if some (and hence every) resolution X ′ of X is rationally connected, i.e., any two points of X ′ is connected by an irreducible rational curve on X ′ . Rational varieties (and more generally unirational varieties) are rationally connected. A variety of Kodaira dimension ≥ 0 is not uniruled, so it is not rationally connected (which is Condition (i) in Theorem 1.1).
An automorphism g of a projective variety X or its representation g * | NS R (X) is of positive entropy if g * L = λL for some nonzero nef R-Cartier divisor L and some λ > 1.
This is equivalent to saying that the action of g on the total cohomology group H * (X ′ , R)
of some (or equivalently every) g-equivariant resolution X ′ of X has spectral radius ρ(g) > exceptional divisors of X ′ → X. Further, for smooth X, we may define the (topological) (3) The condition n = dim X ≥ 3 is needed to kill the second Chern class c 2 of Y by using the perpendicularity of c 2 with the product of common nef eigenvectors of G.
In summary, Theorem 1.1 (or key Theorem 2.4) and Proposition 2.3 say that if G := Z ⊕n−1 (n ≥ 3) acts on a projective n-fold X and every non-trivial element of G is of positive entropy then:
X is not rationally connected ⇒ X birational ∼ torus quotient;
K X + D is pseudo-effective for a G-periodic fractional D ⇐⇒ X birational ∼ torus quot.
For applications, one may combine the above with the following well known fact, where κ(X) is the Kodaira dimension of X:
κ(X) ≥ 0 ⇒ X is not uniruled ⇒ X is not rationally connected.
Setting δ = 1, the limit case in Condition (ii) of Theorem 1.1, we have the following Proposition 1.3 which is a special case of Proposition 2.6. Proposition 1.3. Assume that X and G := Z ⊕n−1 satisfy Hyp(sA) and n = dim X ≥ 2.
Assume further that X is smooth, ∆ is a simple normal crossing reduced divisor which is G-periodic, and K X + ∆ is a pseudo-effective divisor. Then there is a birational map X Y such that the following are true.
(1) Y is a normal projective variety. The map X Y is surjective in codimension-1. The induced action of G on Y is biregular. Conjecture 1.4. Let X be a smooth projective variety and let ∆ be a simple normal crossing reduced divisor. Then the following are equivalent.
(1) K X + ∆ is not a pseudo-effective divisor.
(2) X \ ∆ is covered by images of the affine line C.
Applications of our results. Suppose that X and G satisfy Hyp(sA). If every
G-periodic proper subvariety of X is a point then X = Y is a torus quotient (cf. Theorem 1.1 and Lemma 3.10). Otherwise, since the union of all G-periodic positive-dimensional proper subvarieties of X is a Zariski-closed proper subset of X (cf. Lemmas 3.8 and 3.9), replacing X by a G-equivariant blowup, we may assume that X is smooth and this union is a divisor, denoted as ∆, with only simple normal crossings.
If K X + δ∆ is pseudo-effective for some δ ∈ [0, 1) (resp. for δ = 1), we may apply Theorem 1.1 (resp. Proposition 1.3) and say that X is G-equivariant birational to a torus quotient (resp. a variety Y with K Y + ∆ Y ∼ Q 0).
If K X + ∆ is not pseudo-effective, then Conjecture 1.4 (confirmed when dim X ≤ 2)
asserts that X \∆ is covered by images of the affine line C, i.e., X is covered by projective rational curves {C t } with C t meeting the G-periodic locus ∆ at most once.
Example 1.6. In any dimension, there are examples satisfying Hyp(sA) and Condition (ii) of Theorem 1.1. Indeed, denote by E the elliptic curve C/(Z + √ −1Z), and by T := E × · · · × E (n copies of E), an abelian variety of dimension n. Then Aut(T )
contains G := Z ⊕n−1 ⊂ GL n (Z) and G has a natural action on T , such that T and G satisfy Hyp(sA) (cf. [9, Example 4.5] ). Consider the automorphism:
f : T → T, (x 1 , . . . , x n ) → ( √ −1x 1 , . . . , √ −1x n ).
Denote by X the quotient variety T / f . Then K X ∼ Q 0 and X has only Q-factorial Kawamata log terminal (klt) singularities. Further, when n ≥ 4, X is a Calabi-Yau variety in the sense that X has only canonical singularities, K X ∼ Q 0, and the irregularity q(X) = 0. When n ≤ 3, X is a rationally connected variety, in fact, a rational variety, see [21, Theorem 5.9] .
Since the diagonal group f is normalized by G, the action of G on T descends to a faithful action on X. This X and G satisfy Hyp(sA), and Hyp(B) in §2 with D = 0.
Equivalently, a G-equivariant resolution X ′ of X, and G satisfy Hyp(sA) and Condition
(ii) in Theorem 1.1 (cf. Proposition 2.3).
Remark 1.7. In dimension two, there are examples satisfying Hyp(sA), and all the other conditions of Proposition 1.3 (resp. the equivalent conditions of Conjecture 1.4).
However, we do not know whether there are such examples in dimension ≥ 3.
Indeed, there are surfaces X i , for i = 1 (resp. i = 2) and an automorphism g i of positive entropy such that the union ∆ i of all g i -periodic curves is a simple normal crossing reduced divisor and K X i + ∆ i is a pseudo-effective (resp. non-pseudo-effective) divisor.
For i = 1, take X ′ 1 to be the 12-point blowup of P 2 as constructed in [6, Example 3.3] with a smooth elliptic curve C 1 being g 1 -periodic, and
such that ∆ 1 is a simple normal crossing divisor. Since ∆ 1 contains the elliptic curve C ′ 1 lying over C 1 , we have
For i = 2, take X ′ 2 to be the 10-point blowup of P 2 as in [2] or [17, Theorem 1.1] such that −K X ′ 2 ∼ C 2 for a cuspidal rational curve C 2 . Take the g 2 -equivariant blowup
of the cusp P of C 2 and two infinitely near points of P such that the inverse ∆ 2 of C 2 is a simple normal crossing (reduced) divisor. Then the adjoint divisor K X 2 + ∆ 2 is not pseudo-effective. Precisely, the adjoint divisor is linearly equivalent to −E with E the last (−1)-curve in the blowup X 2 → X ′ 2 .
1.8. Related works. When G is an abelian subgroup of Aut(X), Dinh-Sibony [9, Theorem 1] proved that the rank of the part of G with positive entropy is ≤ dim X − 1. Hence Theorem 1.1 deals with exactly the maximal rank case.
Partial results pertaining to Theorem 1.1 have been obtained in [25] and [26] , where one imposed either the assumption that X and the pair (X, G) are minimal, or the assumption that X has no G-periodic positive-dimensional proper subvarieties. These assumptions seem a bit strong, because X may not have a minimal model X ′ when X is uniruled and the regular action of G on X usually induces only a birational action on X ′ (if exists).
In the key Theorem 2.4 (singular version), we allow X to have Kawamata log terminal (klt) singularities, which is more natural, from the viewpoint of Log Minimal Model Program (LMMP), than quotient singularities in the previous papers [25] and [26] .
See Remark 2.7 for the generalization of Theorem 1.1 (smooth version) and key Theorem 2.4 to the case with G solvable, like some related partial results in the paper [26] .
Our Theorem 1.1 can be compared with Katok-Hertz [12, Corollary 7] , where they consider the smooth action of Z ⊕n−1 on a smooth (real) manifold X ′ of dimension n with the conclusion: X ′ is homeomorphic to the connected sum of the compact n-torus with another manifold. Theorem 1.1 can also be compared with Cantat -Zeghib [5] where the authors impose the assumption that X admits the action of a lattice Γ of rank n − 1 in an almost simple real Lie group H (which turns out to be isogenous to SL n (R) or SL n (C)) and deduce a similar conclusion. They use Margulis' super-rigidity for lattices of higher rank, work out in detail all the actions of Γ on complex n-tori and also consider the rank n + 1 case (necessarily of non-positive entropy).
Our assumption in Theorem 1.1 is weaker since Z ⊕n−1 can be thought of as a small part of the lattice SL n (Z) in H, and hence no super-rigidity is available to induce the action of a big Lie group H. Instead, we fully utilize the entropy-positivity of G. Hence our approach is more dynamic in spirit, combined with some algebro-geometric tools.
1.9. The three ingredients for the proof of Theorems 1.1 and 2.4
(1) Given a pair (X, D) of a mildly singular variety X and a boundary divisor D supported on G-periodic divisors, we run formally the log minimal model program (LMMP) and reach a new pair (X ′ , D ′ ) after a divisorial contraction or a flip. See [15, §3.7] . We are able to handle the case when the new pair admits a Fano fibration. The unknown termination of sequence of flips is avoided by running the LMMP directed by an ample divisor. See [4] or [3] . A difficulty occurs: our G is an infinite group and X ′ may have infinitely many extremal rays; how to descend the action of G on X to a biregular action of G on X ′ ? To overcome this, we have managed to algebraically contract only G-periodic subvarieties, i.e., G-periodic extremal rays, and make the LMMP G-equivariant.
(2) Yau's deep result characterizingétale quotient (or Q-torus) in terms of the vanishing of the first and second Chern classes has been extended to mildly singular cases, thanks to the recent work of [11] .
(3) We use a type of Zariski-decomposition of the adjoint divisor K X + D as in [18] .
To make this paper easily accessible, we use only the formal process, also sketched Acknowledgement. I would like to thank N. Nakayama for coming up with a clean proof of Lemma 3.2, after a few messy ones of mine, and the referee for the suggestions.
More general results for singular varieties
We refer to [15] for the conventions and the definitions of Kodaira dimension, and Kawamata log terminal (klt), divisorial log terminal (dlt), canonical, or log canonical singularities; see [15, Definition 2.34, 7 .73].
We consider the following hypotheses for normal projective varieties X and W and a group G of automorphisms. Denote by K X and K W their canonical divisors.
where n = dim X. Every element of G * \ {id} is of positive entropy.
Hyp(B') W has Kodaira dimension κ(W ) ≥ 0.
Hyp(B") W is non-uniruled, i.e., W is not covered by rational curves.
Hyp(B"') G ≤ Aut(W ) is a subgroup. For some G-equivariant resolution η : X → W such that the inverse ∆ := η −1 (Sing W ) of the singular locus Sing W of W is a simple normal crossing divisor, K X + δ∆ is a pseudo-effective divisor for some δ ∈ [0, 1).
Hyp(B) G ≤ Aut(X) is a subgroup. For some effective R-divisor D whose irreducible components are G-periodic, the pair (X, D) has at worst Q-factorial klt singularities, and K X + D is a pseudo-effective divisor. Hyp(B) is also a birational condition in nature. Indeed, suppose that σ : X ′ → X is a G-equivariant birational morphism with X ′ being Q-factorial. We can write
where σ ′ D is the proper transform of D, where E(1) and E(2) are σ-exceptional (and hence G-periodic) effective divisors with no common components. Now
has components all G-periodic. The above display shows that the pair (
in Hyp(B); the converse is also true by taking the direct image σ * of the display.
Similarly, Hyp(B"') is a birational condition in nature, by proving as above or using the logarithmic ramification divisor formula.
Proposition 2.2.
(1) Hyp(B') implies Hyp(B"). 
where E(1) and E(2) are η-exceptional effective divisors with no common components.
Since W is klt, E(1) = e i E i is fractional, i.e., e i ∈ (0, 1). Choose δ ∈ (0, 1) such that
hence K X + δ∆ is a pseudo-effective divisor. Therefore, W and G satisfy Hyp(B"').
Theorem 2.4 below is the key step in proving main Theorem 2.5.
Regarding the conditions about singularities in (i) and (ii) below, if X is smooth and ∆ is a reduced divisor with only simple normal crossings then both X and the pair (X, δ∆), with δ ∈ [0, 1), automatically have at worst Q-factorial klt singularities.
Theorem 2.4. Assume that X and G satisfy Hyp(A) and n = dim X ≥ 3. Furthermore, assume either one of the following three conditions.
(i) X is not rationally connected. X has only Q-factorial klt singularities.
(ii) X and G satisfy Hyp(B).
(iii) X has only klt singularities. Every G-periodic proper subvariety of X is a point.
Then, replacing G by a finite-index subgroup, we have the following:
(1) There is a birational map X Y such that the induced action of G on Y is biregular and Y = T /F , where T is an abelian variety and F = Gal(T /Y ) acts on T freely outside a finite subset of T .
Every G-(resp. G-) periodic proper subvariety of Y (resp. T ) is a point.
More precisely, we have:
There is a sequence τ s • · · · • τ 0 of birational maps:
is either a birational morphism or an isomorphism in codimension-1. τ s is a birational morphism.
has at worst klt singularities, where
Hyp(B) in Theorem 2.4 is actually necessary in order for X to be G-equivariant birational to a torus quotient:
Main Theorem 2.5. Assume that X and G satisfy Hyp(A) and n = dim X ≥ 3. Then the following are equivalent.
(1) Replacing G by a finite-index subgroup and X by a G-equivariant birational model, (the new) X and G satisfy Hyp(B).
(2) Replacing G by a finite-index subgroup, there exist a G-equivariant birational map X W and a finite morphism T → W from an abelian variety T which is
Galois andétale in codimension-1, such that the action of G on W lifts to an action of a group G on T with G/ Gal(T /W ) ∼ = G.
(We can take G = G if Hyp(sA) is satisfied).
If we weaken the klt condition for the pair (X, D) in Hyp(B) for Theorem 2.4 to being dlt, we have the following result which contains Proposition 1.3 as a special case since the pair (X, ∆) there is automatically Q-factorial dlt.
Proposition 2.6. Assume that X and G satisfy Hyp(A) and n = dim X ≥ 2. Assume further that for some effective R-divisor D whose irreducible components are G-periodic, the pair (X, D) has at worst Q-factorial divisorial log terminal (dlt) singularities, and
(1) Y is a normal projective variety. The map X Y is surjective in codimension- We may generalize Theorem 2.4 to the case of solvable G:
Assume that X is a smooth projective variety of dimension n ≥ 3. Let G ≤ Aut(X) and let N(G) ⊆ G be the set of elements g ∈ G of null entropy : h(g) = 0, i.e., every eigenvalue of g * | NS C (X) has modulus 1. Assume that the image G → GL(NS C (X)) is solvable and has connected Zariski-closure, and that G/N(G) ∼ = Z ⊕n−1 . This assumption is weaker than Hyp(A). By [26, Theorem 2.2], with H 1,1 (X) in its proof replaced by NS C (X) and G replaced by a finite-index subgroup, we have
is unipotent. Now we can apply Theorem 2.4 to our X and H here. Especially, if X is not rationally connected, then X is H-equivariant birational to a torus quotient. 
Preliminary results
Lemma 3.1. Assume that a group G acts biregularly on normal projective varieties X 1 and X 2 of the same dimension n. Let σ : X 1 X 2 be a G-equivariant generically finite map.
(1) Suppose that σ is a morphism, or σ is an isomorphism in codimension-1 with both X i being Q-factorial. If X 1 and G satisfy Hyp(A) then so do X 2 and G.
(2) Suppose that X a and G, for some a in {1, 2}, satisfy Hyp(A). Then, replacing G by a finite-index subgroup, X i and G satisfy Hyp(A) for both i in {1, 2}.
Proof. Suppose that σ is a morphism. Identify the representation G on NS R (X 2 ) with that on the subspace σ * NS R (X 2 ) ⊆ NS R (X 1 ). Let K ≤ G be the subgroup such that the following natural sequence of homomorphisms is exact
where r is the restriction homomorphism and necessarily surjective. If g is in K then g * fixes the class [
with H any ample divisor on X 2 ; here H ′ = σ * H is a nef and big divisor on X 1 , since σ is generically finite. Thus
where the latter group is a finite extension of the identity connected component Aut 0 (X 
If X 1 and G satisfy Hyp(A), then G | NS R (X 1 ) is isomorphic to Z ⊕n−1 and its only finite subgroup is {id}. Thus K | NS R (X 1 ) = {id}. So we have the isomorphisms
Hence G and X 2 satisfy Hyp(A) and we have proved (1) for the first situation, noting that g ∈ G acts on X 1 with positive entropy if and only if the same holds on X 2 . See [24, Lemma 2.6]. In the second situation of (1), we can identify NS R (X 1 ) and NS R (X 2 ) so the result is clear.
For (2), let W ⊂ X 1 × X 2 be the graph of σ, so G acts on W biregularly. Now the two natural projections p i : W → X i are both G-equivariant generically finite morphisms. By
(1), it suffices to prove the assertion that W and G satisfy Hyp(A), after replacing G by a finite-index subgroup. By the argument in (1), we have an exact sequence
This and the finiteness of
replacing G by a finite-index subgroup; see [25, Lemma 2.4] . This proves the required assertion and also (2).
The following clean proof of the Hodge index theorem for singular varieties is due to N. Nakayama. Another proof in [25, Lemma 2.5] works only when M is nef.
2 follows from Property (HI): higher-dimensional Hodge index theorem holds for R-Cartier divisors, i.e., the qua-
is negative definite on Σ. Indeed, Property (HI) holds when X is smooth, or when the H i are all Q-divisors by cutting X by general hypersurfaces in multiples of H i and reducing to the surface case so that the usual Hodge index theorem can be applied.
Now we consider the general case where the H i are R-divisors.
Claim 3.3. Let P 1 , . . . , P n−1 be ample R-divisors and N an R-Cartier divisor such that
We prove Claim 3.3. Take ample Q-divisors P i,m such that P i = lim m→∞ P i,m . There is a unique real number r(m) such that
By the assumption on N, lim m→∞ r(m) = 0. Since the Hodge index theorem holds for Q-divisors P i,m as mentioned early on, we have
Letting m → ∞, we have
We continue the proof of Lemma 3.
. Then, I(, ) defines a bilinear form on the real vector space NS R (X).
We claim that the symmetric matrix corresponding to I(, ) has exactly one positive eigenvalue. Indeed, it has a positive eigenvalue, since I(P, P ) > 0 for an ample divisor
Hence, the other eigenvalues are non-positive, and the claim is proved.
We now prove Property (HI) by induction on n. We may assume that n ≥ 3. By the arguments so far, it remains to show the assertion that I(, ) is non-degenerate. Assume that Property (HI) holds in dimension n − 1; especially the assertion holds for n − 1. Let L be an R-Cartier divisor on X such that I(L, N) = 0 for every R-Cartier divisor N. We need to prove that L ≡ 0 (numerical equivalence).
Let P be a very ample prime divisor. Then,
By induction, Property (HI) holds in dimension n − 1. Hence, either
Suppose that (b) holds for every very ample prime divisor P . Since H n−2 is an ample divisor, we have numerical equivalence H n−2 ≡ p i P i for some p i > 0 and very ample prime divisors P i . Since (b) holds for every P i , we have
Thus some very ample prime divisor P ′ does not satisfy (b).
Let C be an arbitrary curve on X. Then, we can find a very ample prime divisor P
(, ) is non-degenerate. We have proved the assertion. Hence Property (HI) holds for any n ≥ 2. This also proves Lemma 3.2.
Let G ≤ Aut(X). We define the subset of null-entropy elements of G as
N(G) may not be a subgroup of G.
We quote the following result of [9] . Then there are nef R-Cartier divisors
for some
as an element of H r+1,r+1 (X), and that the homomorphism
has the kernel equal to N(G) and hence it induces an isomorphism from G/N(G) ( ∼ = G * )
onto a spanning lattice of (R r , +).
Proof. This is proved in For the isomorphism G * ∼ = G/N(G), we just need to check the assertion that the natural representation
has kernel K equal to N(G) (and image equal to G * by definition). Indeed, the kernel virtually contained in Aut 0 (X) and the latter continuous group acts on the integral lattice NS(X)/(torsion) as identity. Thus K ≤ N(G). Conversely, since every n ∈ N(G) or its action n * on NS R (X) is of null entropy, we have n * = id on NS R (X) by the assumption on
We have proved the required assertion K = N(G).
Applying Lemma 3.4 to our
and the latter is nonzero in H n,n (X, R) = R by Lemma 3.4 and indeed positive, L i being nef. Thus A is a nef and big divisor.
Since L 1 · · · L n is a scalar, for every g ∈ G, we have
Hence
Lemma 3.6. Suppose that X and G satisfy Hyp(A). Then we have:
5 is a nef and big R-Cartier divisor.
(2) For integer k >> 1, we have A = A k + E/k such that A k is an ample Q-Cartier divisor and E is a fixed effective R-Cartier divisor. Lemma 3.7. Assume that X and G satisfy Hyp(A). For the A in 3.5, we have:
Here c i (X) denotes i-th Chern class; so c 1 (X) = [−K X ], and c 2 (X) is regarded as a linear form on n − 2 copies of NS R (X) as defined in [22, p. 265] .
(3) Suppose that Z ⊂ X is a G-periodic positive-dimensional proper subvariety of X.
Proof. (2) and (3) are consequences of (1), noting that g * c i (X) = c i (X).
(1) was proved in [25, Lemma 2.6] . To be precise, replacing G by a finite-index subgroup, we may assume that g * Z = Z (g ∈ G). Note that for all i j , we have
Indeed, since ϕ(G) ⊂ R n−1 is a spanning lattice, k ≤ n − 1, and χ 1 · · · χ n = 1, we can choose g ∈ G such that χ i j (g) > 1 for all i j . Acting on the left hand side of the equality (1) (a scalar) with g * and noting that g * Z = Z, we conclude the equality (1). This, in turn, implies that
The following result was first proved by Nakamaye for Q-divisors, and generalized to the following for R-divisors by Ein -Lazarsfeld -Mustata -Nakamaye -Popa (see e.g. Proof. The second assertion follows from the first, Lemma 3.7 and the Campana-Peternell generalization of Nakai-Moishezon ampleness criterion to R-divisors.
For the inclusion "⊇", we just copy the argument in the proof of Lemma 3.7 (1).
The inclusion "⊆" is as in [25, Lemma 2.6] . Indeed, assume that Y ⊆ Null(A) with Let m ′ > 0 be the smallest integer such that m ′ K X ∼ 0. Let
be the Galois Z/(m ′ )-cover which is called the global index-1 cover and isétale outside Sing X such that KX ∼ 0 andX has at worst canonical singularities. Since each −iK X is stabilized by G, the action of G on X lifts to a faithful action of G onX. By Lemma 3.1,X and G satisfy Hyp(A), after replacing G by a finite-index subgroup.
LetÂ be the π-pullback of A. It is also a sum of common nef eigenvectors of G.
The ampleness of A implies that ofÂ, since π is a finite morphism. By Lemma 3.7 and since n ≥ 3, we haveÂ n−2 · c 2 (X) = 0. This and the ampleness ofÂ (and Miyaoka's pseudo-efffectivity of c 2 ) imply that c 2 (X) is zero, as a linear form on the product of (n − 2)-copies of NS R (X); see [22, pp. 265-267, Proposition 1.1]. Since π is G-equivariant, every G-periodic proper subvariety ofX is a point, because the same holds on X by assumption. In particular, the singular locus SingX ofX is isolated.
We now apply [11, Theorem 1.16] and deduce thatX = T ′ /F ′ for some abelian variety T ′ where the finite group F ′ acts on T ′ freely outside a codimension-2 subset. Again n ≥ 3 is used so that the condition (0 =) dim SingX ≤ n − 3 in [11] is satisfied. Now X is covered by the complex torus T ′ via the composition The following is the key step towards the proof of Theorem 2.4. Hyp(wB) is a weaker form of Hyp(B), i.e., without the pseudo-effectivity of K X + D.
Proposition 3.11. Assume that X and G satisfy Hyp(A), and Hyp(wB): for some effective R-divisor D whose irreducible components are G-periodic, the pair (X, D) has at worst Q-factorial klt singularities. Let A = L i be the sum in 3.5 of nef R-divisors L i which are also G-eigenvectors such that A is a nef and big divisor. Replacing G by a finite-index subgroup and A by a large multiple, the following are true.
(1) There is a sequence τ s • · · · • τ 0 of birational maps: 
The induced action of G on each X(i) (0 ≤ i ≤ s + 1) is biregular. X(i) and G satisfy Hyp(A). 
is a nef and big divisor. (1)) and get divisorial contraction
with ρ(X(2)) = ρ(X(1)) − 1, or flip
with ρ(X(2)) = ρ(X(1)), or Fano type, or Fano fibration. Since the Picard number ρ(X(0)) is finite, Case (III) can only occur finitely many times. Thus there exist a sequence of birational maps
and an integer s ≥ 0 such that every . This is one of the key ingredients of our proof.
We continue the proof of Proposition 3.11. We follow the procedures in 3.12 and some steps of [25] , but we need to take care of the G-equivariance of the LMMP.
Replacing G by a finite-index subgroup, we may and will assume that every irreducible component of D is stabilized by G.
Lemma 3.13. In 3.12, we can choose the LMMP sequence of divisorial contractions or flips τ j : X(j) X(j+1) (j < s) such that the following are true for all i ∈ {0, 1, . . . , s}.
(1) The induced action of G on X(i) is biregular. The action of G on X(i) satisfies Hyp(A). 
and hence A · g * ℓ = 0, and Remember that we may assume that
nef by the choice of M. There is an extremal ray R = R >0 [ℓ] such that for
we have that K X +D+A+λ 0 M is nef, (K X +D+A)·ℓ < 0 and (K X +D+A+λ 0 M)·ℓ = 0.
As mentioned above, such ℓ satisfies A · ℓ = 0 and hence L i · ℓ = 0, (K X + D) · ℓ < 0, and we may assume that the extremal ray R is G-stable. Let
be the extremal contraction as in 3.12. Since R is G-stable and f is completely determined by R, the action of G on X descends to a biregular action of G on Y such that the morphism f : X → Y is G-equivariant. We consider the 4 cases in 3.12 separately.
Case (I) (Fano type). Since the Picard number ρ(X) = 1, we take H to be an ample generator of NS(X)/(torsion) ∼ = Z. Then we have Aut(X) ≤ Aut [H] (X). Hence, using [16] as in the proof of Lemma 3.1, Aut(X) is a finite extension of the identity component Aut 0 (X), so Aut(X) and hence G are of null entropy. This contradicts the assumption that every element of G \ {id} = Z ⊕n−1 \ {id} is of positive entropy and that n − 1 ≥ 2.
Case (II) (Fano fibration). Since f : X → Y is a non-trivial G-equivariant fibration, Lemma 2.10] . This contradicts the fact rank(G) = n − 1.
Case (III) (divisorial). By Lemma 3.1, Y and G satisfy Hyp(A). Since
We can continue the G-equivariant LMMP.
Case (IV) (flip). Since the flip X + is uniquely determined by the extremal ray R (which is stabilized by G), there is a biregular action of G on X + . By Lemma 3.1, X + and G satisfy Hyp(A). As in Case (III), we have
Since we have settled the cases of Fano type and Fano fibration and since a divisorial contraction decreases the Picard number, setting
we may assume that we have a sequence 
Lemma 3.14. Replacing G by a finite-index subgroup and A by a large multiple, we have:
(1) The action G on X descends to a biregular action on Y so that γ : X → Y is G-equivariant.
and hence (Y, D Y ) have only klt singularities (cf. [15, Proposition 2.41, Corollary 
by the display preceding Lemma 3.14. This proves Lemma 3.14.
We continue the proof of Proposition 3.11. Setting τ s := γ, by the arguments so far, it remains to prove Proposition 3.11 (7) . Its first part is a consequence of Lemmas 3.8 and 3.9, thanks to (3). For the second part of (7), we have only to prove it on Y , since For the second part of (7), to prove the vanishing of A Y |Z on Y , by Lemma 3.7, we may assume that k := dim Z ≥ 2. As in [25, Lemma 2.9], we prove first:
, the above mid-term is the summation of the following terms
. Now the vanishing of each term above can be verified as in
The equality (2) above is proved.
The equality (2) and ampleness of From now on, we will prove Theorem 2.4 under Condition (ii). 
where τ j (0 ≤ j < s) is either a divisorial contraction or a flip, corresponding to a (K X(j) + D ε (j))-negative extremal ray, and
is a birational morphism. Here we let
The assertions (4) -(6) follow from Proposition 3.11.
Next we show (7). Since K X + D and hence K X + D ε are pseudo-effective, so are their
To simplify the notation, we use
to denote the τ s : X(s) → X(s + 1) = Y in Proposition 3.11, and let
By the σ-decomposition for pseudo-effective divisors in [18, III. §1.12],
where P is in the closed movable cone (generated by fixed-component free Cartier divisors) and N is an effective divisor.
Replacing G by a finite-index subgroup, we may and will assume that every G-periodic divisor on X is stabilized by G. See Proposition 3.11 (7) .
Proof. We prove Claim 4.1. The uniqueness of the σ-decomposition implies the assertion that g * P ≡ P and g * N = N for any g ∈ G (so every component of N is G-periodic and hence stabilized by G). Indeed, 
for every irreducible divisor M and nef R-Cartier divisors M i because P |M is a pseudoeffective divisor on M; also P · A n−1 = 0 for the nef and big divisor A, by Lemma 3.7.
Thus we may apply [20, Lemma 2.2] (by reducing to the hard Lefschetz theorem) to deduce that P ≡ 0. This proves Claim 4.1.
Proof. We prove Claim 4.2. By Proposition 3.11, K X + D ε + A is a nef and big divisor;
further, Finally we prove Proposition 2.6. Replacing G by a finite-index subgroup, we may assume that every G-periodic divisor is stabilized by G. As in the proof of Theorem 2.4, let K X + D = P + N be the σ-decomposition, where P is movable and N = n i N i with N i irreducible and n i > 0. As in Claim 4.1, the uniqueness of such decomposition implies that both P and N are stabilized by G, P ≡ 0, and each N i is stabilized by G. 
